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We develop a two stage renormalization group which connects the continuum Hamiltonian for
twisted bilayer graphene at length scales shorter than the moire superlattice period to the Hamilto-
nian for the active narrow bands only which is valid at distances much longer than the moire period.
In the first stage, the Coulomb interaction renormalizes the Fermi velocity and the interlayer tun-
nelings in such a way as to suppress the ratio of the same sublattice to opposite sublatice tunneling,
hence approaching the so-called chiral limit. In the second stage, the interlayer tunneling is treated
non-perturbatively. Via a progressive numerical elimination of remote bands the relative strength of
the one-particle-like dispersion and the interactions within the active narrow band Hamiltonian is
determined, thus quantifying the residual correlations and justifying the strong coupling approach
in the final step. We also calculate exactly the exciton energy spectrum from the Coulomb interac-
tions projected onto the renormalized narrow bands. The resulting softening of the collective modes
marks the propinquity of the enlarged (“hidden”) U(4)×U(4) symmetry in the magic angle twisted
bilayer graphene.
It has been known for some time that the electron-
electron Coulomb interactions cause an upward renor-
malization of the Fermi velocity, vF , upon approach-
ing the charge neutrality point (CNP) of mono-layer
graphene1–7. Such momentum dependent steepening of
the Dirac cone depends on the graphene’s dielectric envi-
ronment and is weaker for stronger dielectrics, but even
for hexagonal boron nitride (hBN) encapsulated devices
the increase can be2 ∼ 10 − 15%. Such a small change
in vF would be of limited interest if it weren’t for the re-
cent explosion of research into the magic angle8 twisted
bilayer graphene (TBG)9–77, where the experiments show
extremely strong sensitivity of the correlated electron
phenomena to the twist angle θ. Even a ∼ 5% change of
θ away from the optimal (magic) value has been reported
to produce at least a factor of 2 reduction23,24 of the su-
perconducting Tc, with even stronger suppression of the
correlated insulator states23.
The strong band structure sensitivity is due to the
dependence on the dimensionless parameters w0,1/vF kθ,
where w0 and w1 parameterize the interlayer tunneling
energy in the AA and AB regions respectively, and where
the momentum displacement of the Dirac cones is given
by kθ = 2kD sin
θ
2 , kD = 4pi/3a0, a0 ≈ 0.246nm (in
~ = 1 units)8. Therefore, at a fixed magic θ, even a
∼ 10% percent difference in vF alone would be sufficient
to de-tune the system from the optimal flat band con-
dition. As such, if neither of wj renormalized due to
Coulomb interactions, but only vF did, the magic an-
gle condition would depend on whether the TBG was
encapsulated in the hBN, or only from one side, because
the different dielectric environments would produce a dif-
ferent strength of Coulomb interactions, former with a
dielectric constant48,78 hBN ≈ 4.4 and the latter with
 ≈ (1 + hBN )/2 = 2.7. The difference in the vF , and
therefore the magic angle, would then be within the sen-
sitivity of the correlated insulating states; no such de-
pendence of the magic angle on the partial or complete
encapsulation has been reported.
Here we develop a renormalization group (RG) ap-
proach to the Coulomb interactions in the twisted bilayer
graphene and show that w1 renormalizes in precisely such
a way as to compensate for the growth of vF making
the magic angle largely insensitive to the effective di-
electric constant . Interestingly, we find that w0 does
not renormalize due to Coulomb interactions. There-
fore, the ratio w0/w1 shrinks and the system flows closer
to the chiral limit described by Tarnopolsky, Kruchkov
and Vishwanath47. As illustrated in the Fig. 1c, the
flow from a high energy (with the UV cutoff Ec), where
the Coulomb interaction and w0,1 are perturbative, to a
low energy of the narrow bands where neither is, crosses
over to a regime where the effects of w0,1 become non-
perturbative, but the Coulomb interaction is still pertur-
bative. This happens at the energy scale E∗c ∼ O(w1),
marking the beginning of the second stage of our RG;
the band structure scaling collapse in Fig.2 shows that
the 2nd stage seamlessly connects to the 1st stage even
if E∗c changes. In the 2
nd stage, we numerically inte-
grate out the two most remote bands, one above and one
below the CNP, rotate the remaining states to diagonal-
ize the renormalized kinetic energy and re-express the
interaction in terms of the rotated states, iterating the
procedure until we reach the narrow bands. If the re-
sulting narrow bands bandwidth (or, more precisely the
root-mean-square of the renormalized kinetic energy dis-
persion) is much smaller than the interaction (or more
precisely, the particle-hole charge gap), as we find it
is near the magic angle, the final step is treated non-
perturbatively in the Coulomb interaction i.e. by solving
the interaction-only problem (strong coupling limit) and
then treating the renormalized kinetic energy terms as a
perturbation.
The condition w0 = 0, and thus the chiral
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FIG. 1. (a) Moire lattice with lattice spacing Lm. (b) Moire
Brillouin zone. (c) Schematic illustration of the two stage RG
procedure for arriving at the strong coupling limit. In the
stage 1, both the Coulomb interaction and the moire potential
are perturbative, in the stage 2 only the Couloumb interaction
is. In the final step, when only the narrow bands (red) remain,
the interaction is the largest scale.
limit47,79,80, was previously thought to be unrealistic
and the value w0/w1 ∼ 0.8 was taken from DFT-like
calculations28,50,81. Our results (17-18) show that for
Coulomb interacting system, the chiral limit becomes
exact near the CNP in the limit Ec/w1 → ∞, albeit
approaching logarithmicaly. This has important conse-
quences for the effective residual interaction in the nar-
row band, because of the increased sublattice polariza-
tion of the narrow band wavefuctions67. We find addi-
tional enhancement of the sublattice polarization after
the 2nd stage, as well as steepening of the Wilson loop
eigenvalues42, indicating additional approach to the chi-
ral limit during the 2nd stage RG. The dominant part
of the Coulomb interaction Hamiltonian projected onto
perfectly sublattice polarized chiral limit narrow bands is
invariant under a larger symmetry, U(4)×U(4), than for
w0/w1 6= 0, U(4), when particle-hole (p-h) symmetry42 is
exact67. This symmetry enhancement enlarges the man-
ifold of nearly degenerate correlated states67. Our exact
calculation of the collective mode spectrum in the strong
coupling limit indeed shows not only 4 Goldstone bosons
associated with the U(4) spin-valley ferromagnetism48,67,
but also a softening of 4 additional collective modes, in-
dicating the approach to the U(4)× U(4) ferromagnet67
with its 8 Goldstone bosons (see Fig. 3).
We begin with the Hamiltonian H = Hkin+Vint where
Hkin =
ˆ
d2rχ†σ(r)
(
HˆBM 0
0 Hˆ∗BM
)
χσ(r) (1)
Vint =
1
2
ˆ
d2rd2r′V (r− r′)χ†σ(r)χ†σ′(r′)χσ′(r′)χσ(r)(2)
where χ†σ = (ψ
†
σ, φ
†
σ) creates an electron in valley K (K
′)
for its upper (lower) component, and the repeated spin- 12
indices σ are summed. The Bistritzer-MacDonald8 (BM)
continuum Hamiltonian28,29,40,42,47 for twist angle θ is
HˆBM =
(
vFσ θ
2
· p T (r)
T †(r) vFσ− θ2 · p
)
, (3)
where the twisted Pauli matrices acting on the sublattice
indices are σ θ
2
= e−
i
4 θσz (σx, σy)e
i
4 θσz , q1 = kθ(0,−1),
q2,3 = kθ
(
±
√
3
2 ,
1
2
)
and the interlayer hopping T (r) =∑3
j=1 Tje
−iqj ·r is controlled by two parameters w0,1 via
Tj+1 = w01 + w1
(
cos
(
2pi
3
j
)
σx + sin
(
2pi
3
j
)
σy
)
.(4)
HˆBM acts on its eigenfunctions
Ψn,k(r) =
∑
g
(
an,g(k)
bn,g(k)e
iq1·r
)
eik·reig·r, (5)
where g = m1g1 + m2g2 for integer m1,2 and g1,2 =
q2,3 − q1. The slow fields at the two valleys K/K′ are
expanded in this ‘band’ basis fermion annihilation oper-
ators dσ,K/K′,n,k with crystal momentum k in first moire
Brillouin zone, and the band index n as
χσ(r) =
(
ψσ(r)
φσ(r)
)
=
∑
nk
(
Ψn,k(r)dσ,K,n,k
Ψ∗n,k(r)dσ,K′,n,−k−q1
)
.(6)
It will be helpful for us to think about Hkin as a lowest
order gradient expansion of a continuum field theory40,
with coupling constants that can flow due to Vint under
the 1st stage of RG.
As pointed out in Ref.42, if the small angle rotation
in σθ/2 is ignored, then HˆBM enjoys a p-h symmetry for
any value of w0 and w1,
−iµyσxHˆ∗BMσxiµy = −HˆBM , (7)
in that if Ψn,k(r) is an eigenstate of HˆBM at k with
eigenvalue n,k, then −iµyσxΨ∗n,k(r) is an eigenstate at−k−q1 with eigenvalue −n,k. We will perform our RG
assuming this approximate symmetry is present.
Up to an overall shift of the chemical potential, we can
rewrite Vint as
Vint =
1
2
ˆ
d2rd2r′V (r− r′)δρ(r)δρ(r′), (8)
δρ(r) = χ†σ(r)χσ(r)−
1
2
{χ†σ(r), χσ(r)}. (9)
3For a pure Coulomb interaction V (r) = e2/r. The
Hamiltonian in Eqs.(1)-(2) is defined at some high en-
ergy cut-off ±Ec which corresponds to a maximal value
of the band index nc in our expansion. The parameters
vF , w0, and w1 should also be thought of as being fixed
by a measurement at Ec. The last term in (9) is usually
ignored, but for our RG, it will be helpful to express it
as
1
2
{χ†σ(r), χσ(r)} = ρ¯Ec(r) = 2
∑
|nk|≤Ec
Ψ∗n,k(r)Ψn,k(r).
(10)
In the 1st stage, we split χσ(r) = χ
>
σ (r) + χ
<
σ (r) and
integrate out the fast modes χ>σ (r) with kinetic energy
E′c < |n,k| ≤ Ec, such that E′c  w0,1. In this regime,
the Vint can be treated perturbatively. Its contribution
to the slow mode Hamiltonian is then
Vint → 1
2
ˆ
d2rd2r′V (r− r′)δρ<(r)δρ<(r′)
+
1
2
ˆ
d2rd2r′V (r− r′)χ<σ †(r)δF(r, r′)χ<σ (r′), (11)
where δρ<(r) = χ<σ
†
(r)χ<σ (r)−ρ¯E′c(r) which follows from
the p-h symmetry. The correction to the HˆBM comes
from
δF(r, r′) =
∑
E′c<|nk|≤Ec
sign(nk)
(
fn,k(r, r
′) 0
0 f∗n,k(r, r
′)
)
,(12)
where fn,k(r, r
′) = Ψn,k(r)Ψ
†
n,k(r
′). We can now write∑
E′c<|nk|≤Ec
sign(nk)fn,k(r, r
′) =
˛
C
dz
2pii
〈r|Gˆ(z)|r′〉(13)
where Gˆ(z) =
(
z − HˆBM
)−1
, and the contour C en-
closes the z-plane real line segment (−Ec,−E′c) in the
clockwise, and segment (E′c, Ec) in the counterclockwise,
sense. As long as E′c  w0,1, the dominant contribu-
tion to the contour integral can be found by replacing
Gˆ(z) ≈ Gˆ0(z) + Gˆ0(z)Tˆ Gˆ0(z) + O
(
w20,1
E′2c
)
. For small
Ec − E′c, we thus find that in the 1st RG stage82,
dvF
d lnEc
= −e
2
4
, (14)
dw0
d lnEc
= 0, (15)
dw1
d lnEc
= −w1 e
2
4vF
, (16)
and e2, being the prefactor of a non-analytic term,
does not renormalize when high energy modes are
eliminated83. Integrating the above equations i.e. pro-
gressively reducing the cutoff to E∗c gives
w1(E
∗
c )
vF (E∗c )
=
w1(Ec)
vF (Ec)
, (17)
w0(E
∗
c )
w1(E∗c )
=
w0(Ec)
w1(Ec)
/(
1 +
e2
4vF (Ec)
ln
Ec
E∗c
)
. (18)
(a) (b)
FIG. 2. (a) Low energy spectra after nc−5 steps of the stage
2 RG for nc = 72(purple), 40 (black), 30 (red), 20 (blue). At
nc, each starts with the same Fermi velocity, vF , in the BM
model at w1/vF kθ = 0.5, but with w0/w1 = 0.83 (purple),
0.805 (black), 0.787 (red) and 0.768 (blue). The values are
chosen based on the dielectric constant  = 4.4 and scaling in
Eq.(18) and the cutoff energies set by the nth band maxima
at nc = 72. (b) Results of the panel (a) rescaled by v
(n)
F =
vF /(1+
e2
4vF
ln Ec
E∗c
) for Ec set by the band maximum at nc =
72, demonstrating the scaling collapse and thus independence
of the results of stage 2 RG on E∗c .
The Eq.(17) implies that the magic angle condition is
largely insensitive to the renormalization. The Eq.(18)
shows that even if we start away from the chiral limit47 at
the UV scale Ec, at a lower energy scale E
∗
c we approach
it. Next, we combine this stage 1 RG with the non-
perturbative (in moire potential) stage 2 numerical RG at
6w1 & E∗c , but we stress that results are insensitive to the
choice of E∗c as long as w1,0/E
∗
c is small so that stage 1 is
under control. The scaling collapse of the band structure
shown in the Fig.(2) demonstrates this insensitivity for
w1/vF kθ = 0.5, e
2/vF = 2.2, and  = 4.4 with several
choices of nc. We also find an increase of the sublattice
polarization and steepening of the Wilson loops along
the RG evolution82, indicating a further approach of the
chiral limit during the stage 2.
Note that at each step of our procedure we re-
diagonalize the BM-like model in the subspace of the
low energy bands corrected by Vint. We also re-express
the Vint in (8) in terms of the current (rotated) eigen-
states of the BM model below the running energy cut-
off, and because ρ¯E′c(r) is invariant under the basis ro-
tation, the p-h symmetry is explicitly preserved. Af-
ter the final step, we are thus left with two renormal-
ized narrow bands per valley, and Vint containing ρ(r)
and ρ¯0(r) both expressed in terms of the final renor-
malized wavefunctions Ψ˜n±,k(r), with the upper and
lower bands denoted by n+ and n−, respectively. Be-
cause the p-h symmetry is preserved during this proce-
40
1
2
3
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FIG. 3. The strong coupling exciton spectrum after stage
1 and 2 RG, starting the stage 1 with Ec = 18.2w1 cor-
responding to 2eV for w1 = 110meV, w1/(vF kθ) = 0.586
(magic angle), and the initial w0/w1 = 0.83. The branch that
becomes gapless at Γ corresponds to 4 Goldstone modes of
U(4) spin/valley ferromagnet with quadratic dispersion. An-
other branch, emphasized by the arrow, softens during the
RG, eventually also becoming gapless in the chiral limit, with
the total of 8 Goldstone modes of U(4) × U(4) ferromagnet.
The red curve is the onset of the particle-hole continuum.
dure, we can choose Ψ˜n−,k(r) = −iµyσxΨ˜∗n+,−k−q1(r).
Substitution of such field operators (6) gives ρ(r) =∑
kk′
∑
σ=↑,↓D
†
kσPkk′(r)Dk′σ, where within the narrow
band D†kσ = (d
†
K,n+,kσ, d
†
K,n−,kσ, d
†
K′,n+,kσ, d
†
K′,n−,kσ).
Suppressing kk′ and r dependence, P = b014 + b1τ3σ˜1 +
b21σ˜2 + b3τ3σ˜3, thus commuting with all 16 generators of
spin-valley U(4) symmetry67 14sµ, τ31sµ, τ2σ˜2sµ, τ1σ˜2sµ,
where µ = 0, 1, 2, 3 and τ acts on valley, σ˜ on band, and
s on spin components.
If a state |Ω〉 is annihilated by δρ(r) for all r, then it
is a ground state at the strong coupling because Vint is
positive definite48,67. Moreover, any state obtained by a
global U(4) rotation is also a ground state, and, at the
CNP, can be obtained from a fully filled valley polarized
state48,67. The exact n-body excitations above any one
ground state can also be obtained by solving an (n −
1)-body problem because VintX|Ω〉 = 12
´
d2rd2r′V (r −
r′) [δρ(r), [δρ(r′), X]] |Ω〉 and because the center of mass
momentum is conserved. Therefore, solving the operator
eigen-equation
EX =
1
2
ˆ
d2rd2r′V (r− r′) [δρ(r), [δρ(r′), X]] , (19)
provides the exact excitation states in the strong cou-
pling limit. The Eq.(19) can be readily solved for a
single particle excitation and we show the result in the
Ref. 82. Here we focus on the charge neutral excitations
(excitons) X =
∑
mm′k f
αβ
mm′k(q)d
†
αm,kdβm′,(k−q)modg,
with spin/valley labels α, β, by finding the eigenfunctions
fαβmm′k(q). Due to the spin-valley U(4) invariance of these
equations, it is sufficient to solve for one spin and valley
projection, the rest can be obtained by the symmetry.
The numerically obtained exciton spectrum at the magic
angle is shown in the Fig.3 for the center of mass mo-
mentum q along the path shown in the Fig. 1b. The
quadratically vanishing dispersion of the lowest branch
corresponds to the four U(4) ferromagnetic Goldstone
bosons84. Under RG a second set of four modes soft-
ens. This corresponds to approaching the (“hidden”)
U(4)×U(4) invariant chiral limit67 with its 8 Goldstone
bosons. Their gap is a measure of the U(4) × U(4)
anisotropy terms and for the parameters in the Fig.3
this gap is ∆U(4)×U(4) ≈ 0.2e2/Lm ∼ 5meV ; the gap
vanishes at the chiral limit. Note that the modes dis-
perse despite a complete absence of kinetic energy terms
due to the non-local structure of the projected density
operators48.
The Hkin breaks the spin-valley U(4) symmetry down
to U(2) × U(2) and causes splitting of the degenerate
ground state manifold. We can obtain an upper bound
on the resulting anisotropy terms from 2nd order pertur-
bation in (renormalized) kinetic energy (i.e. “superex-
change”) by replacing the energy of the excited states at
Γ with the lowest energy exciton that has a non-zero over-
lap on the kinetic energy operator (Eminph ≈ 2e2/Lm for
Fig.3). For a spin independent valley rotation, parame-
terized by 3 Euler angles, e
i
2ατ314e
i
2ωτ2σ21e
i
2γτ314 we find
that the energy splitting per unit cell, ∆U(4), is bounded
from above by − (sin2 ω) 4 ´ d2k2n+,k/(ABZEminph ). The
lowest energy state for such a rotation is the Kramers
inter-valley coherent state67 at ω = pi2 . For the parame-
ters in Fig. 3, we find that ∆U(4) < 6.7× 10−3e2/Lm ∼
0.17meV , justifying the strong coupling approach.
The theory presented here can be extended to in-
clude the RPA effects and the p-h asymmetry, which
will be important for any detailed quantitative com-
parison with experiments. Nevertheless, the Coulomb
RG induced softening of the hidden symmetry collective
modes, whose natural energy scale would normally be
∼ e2/Lm ∼ 25meV , suggests that they may not be
frozen out even at ∼ 50K. Finally, our results offer a sig-
nificant shift of the perspective in that the chiral limit47
– previously considered unphysical – gains the status of
an attractive mid-IR RG fixed point when Ec/w1 →∞.
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Appendix A: Details of the 1st stage RG derivation for Coulomb interacting Bistritzer-MacDonal model
For the contour C enclosing the z-plane real line segment (−Ec,−E′c) in the clockwise, and segment (E′c, Ec) in the
counterclockwise, sense
˛
C
dz
2pii
〈r|Gˆ(z)|r′〉 =
ˆ
d2k
(2pi)2
d2k′
(2pi)2
eik·re−ik
′·r′
˛
C
dz
2pii
〈k|Gˆ(z)|k′〉. (A1)
For E′c  w0,1, we can expand the Green’s function to first non-trivial order in Tˆ and find˛
C
dz
2pii
〈k|Gˆ(z)|k′〉 ≈
˛
C
dz
2pii
〈k|Gˆ0(z)|k′〉+
˛
C
dz
2pii
〈k|Gˆ0(z)Tˆ Gˆ0(z)|k′〉. (A2)
Without loss of generality, we can focus on one valley only, the contribution from the second one can be determined
by time reversal symmetry. The particle-hole symmetric BM Hamiltonian, acting on Bloch functions, is
Hˆ =
(
vFσ · p T (r)eiq1·r
e−iq1·rT †(r) vFσ · (p + q1)
)
= Hˆ0 + Tˆ , (A3)
and the interlayer tunneling term is
T (r) =
3∑
j=1
Tje
−iqj ·r; Tj+1 = w01 + w1
(
0 e−i
2pi
3 j
ei
2pi
3 j 0
)
. (A4)
Here r and p should be understood to be (first quantized) operators. Therefore,
Gˆ0(z) =
(
gˆ0(z,p) 0
0 gˆ0(z,p + q1)
)
(A5)
where the intra-layer Green’s function is
gˆ0(z,p) = (ω − vFσ · p)−1 = 1
2
∑
s=±1
1 + sσ · pp
z − svF p (A6)
and
Gˆ0(z)Tˆ Gˆ0(z) =
(
0 gˆ0(z,p)T (r)e
iq1·rgˆ0(z,p + q1)
gˆ0(z,p + q1)e
−iq1·rT †(r)gˆ0(z,p) 0
)
. (A7)
Now,
〈k|gˆ0(z,p)T (r)eiq1·rgˆ0(z,p + q1)|k′〉 = 1
4
∑
ss′=±
1 + sσ · kk
z − svF k 〈k|T (r)e
iq1·r|k′〉
1 + s′σ · k′+q1|k′+q1|
z − s′vF |k′ + q1|
=
1
4
3∑
j=1
δk′,k+qj−q1
∑
ss′=±
1 + sσ · kk
z − svF k Tj
1 + s′σ · k+qj|k+qj |
z − s′vF |k + qj | , (A8)
where we used
〈k|T (r)eiq1·r|k′〉 =
3∑
j=1
Tj(2pi)
2δ (k′ − (k + qj − q1)) ≡
3∑
j=1
Tjδk′,k+qj−q1 . (A9)
Because it is novel, let us focus on the second term on the RHS in (A2). Although formally the contribution to the
contour integral comes from s = s′ and s = −s′, only the latter contributes to the RG flow. To see this, note that for
s = s′ there is no contribution whatsoever if vF k and vF |k + qj | both lie inside, or both outside, the interval (E′c, Ec).
There is a contribution only if one of them is outside of the interval. But, in that case, we can imagine extending
9the interval until both poles are included. This shows, that the contribution from adjacent shells cancels if s = s′.
Therefore, consider only s = −s′. Then, because vF |qj |  E′c, we have
˛
C
dz
2pii
1 + σ · kk
z − vF k Tj
1− σ · k+qj|k+qj |
z + vF |k + qj | +
1− σ · kk
z + vF k
Tj
1 + σ · k+qj|k+qj |
z − vF |k + qj |
 ≈
2
vF k
(
Tj − σ · k
k
Tjσ · k
k
)
Θ (Ec − vF k) Θ (vF k − E′c) , (A10)
where Θ(x) is the Heaviside step function. The component of Tj proportional to w0 is an identity matrix, which of
course commutes through k · σ. And because k · σk · σ = k21, there is no contribution to the renormalization of w0.
So,
˛
C
dz
2pii
〈k|Gˆ0(z)Tˆ Gˆ0(z)|k′〉 ≈
3∑
j=1
 0 δk′,k+qj−q1 Θ(Ec−vF k)Θ(vF k−E′c)2vF k (Tj − σ · kkTjσ · kk )
δk,k′+qj−q1
Θ(Ec−vF k′)Θ(vF k′−E′c)
2vF k′
(Tj − σ · k′k′ Tjσ · k
′
k′ ) 0
 .
(A11)
The contribution of this term to the correction to the moire tunneling potential is
1
2
ˆ
d2rd2r′V (r− r′)
ˆ
d2k
(2pi)2
d2k′
(2pi)2
eik·re−ik
′·r′ψ<σ
†
(r)
(˛
C
dz
2pii
〈k|Gˆ0(z)Tˆ Gˆ0(z)|k′〉
)
ψ<σ (r
′) =
3∑
j=1
ˆ
d2q
(2pi)2
(
ψ<σ,q
†
(
0 Υj (q, Ec, E
′
c)
0 0
)
ψ<σ,q+qj−q1 + ψ
<†
σ,q+qj−q1
(
0 0
Υ†j (q, Ec, E
′
c) 0
)
ψ<σ,q
)
. (A12)
where
Υj (q, Ec, E
′
c) =
ˆ
d2k
(2pi)2
Vk−q
Θ (Ec − vF k) Θ (vF k − E′c)
4vF k
(
Tj − σ · k
k
Tjσ · k
k
)
. (A13)
Because vF q < Ec, we can expand in powers of vF q/Ec. Moreover, because
σ · kσ1,2σ · k = ±
(
k2x − k2y
)
σ1,2 + 2kxkyσ2,1, (A14)
the term σ · kTjσ · k will not contribute to the leading term in which q is set to 0 due to the angular integration. For
Coulomb interaction Vk = 2pie
2/(k) we find
Υj (q, Ec, E
′
c) =
e2
4vF
Tj,w0=0 ln
Ec
E′c
+ . . . (A15)
where . . . are higher order terms in vF q/Ec. Therefore, we find the RG equations for the interlayer couplings
dw0
d lnEc
= 0, (A16)
dw1
d lnEc
= − e
2
4vF
w1. (A17)
Clearly, as long as vF qj  Ec, the expansion is in powers of w0,1/Ec and higher order terms in the expansion of
BM Green’s function, i.e. terms beyond G0TG0 will be suppressed by powers of w0,1/Ec and higher order gradients.
The above term is the dominant correction to the BM interlayer tunneling as is consistent with the notion of the
continuum model being a field theory expanded in powers of gradients1.
The contribution from the G0(ω) term is standard and leads to
dvF
d lnEc
= −e
2
4
. (A18)
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Because de2/d lnEc = 0, the above equations are readily integrated. If we stop the renormalization at the scale
E∗c  Ec we find
w1(E
∗
c ) = w1(Ec)
(
1 +
e2
4vF (Ec)
ln
Ec
E∗c
)
(A19)
vF (E
∗
c ) = vF (Ec) +
e2
4
ln
Ec
E∗c
(A20)
⇒ w1(E
∗
c )
vF (E∗c )
=
w1(Ec)
vF (Ec)
(A21)
w0(E
∗
c )
w1(E∗c )
=
w0(Ec)
w1(Ec)
1(
1 + e
2
4vF (Ec)
ln EcE∗c
) . (A22)
The above shows that even when we start away from the chiral limit2 at the UV scale Ec, at a lower energy scale
E∗c we approach it. In practice, we find that, after we combine this stage 1 RG with the non-perturbative stage 2
numerical RG, our results are insensitive to the choice of E∗c as long as w1/E
∗
c remains small.
Appendix B: Sublattice polarization and Wilson loop evolution under RG; and the single particle dispersion
in the strong coupling limit.
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FIG. S1. The positive eigenvalue of the the sublattice polarization operator 1σ3 projected onto the two narrow bands at different
k-points in BZ for un-renormalized BM model with w1/vF kθ = 0.586 (magic angle) and w0/w1 = 0.83 (a), and w0/w1 = 0.83
after 1st and 2nd stage RG. The increase marks the approach of the chiral limit which is perfectly sublattice polarized i.e. the
eigenvalue is 1 for each k.
As explained in the e.g. Ref. 3 the eigenstates of the projected operator
Oˆ = Pˆ e−i
1
N 1
g1·rPˆ , (B1)
are hybrid Wannier states. Here Pˆ is the projection operator onto the narrow bands. g1 is the primitive vector of the
reciprocal lattice shown in the Fig 1b of the main text, and N1 is the number of unit cells along the direction of L1
in the entire lattice with periodic boundary conditions.
We thus have
Oˆ|w±(n, kg2)〉 = e−2pii 1N 1(n+〈x±〉k/Lm)|w±(n, kg2)〉. (B2)
The hybrid WSs |wα(n, kg2)〉 are labeled by their momentum k along g2 which is conserved by Oˆ and the index n of
the unit cell along L1; α = ±1 labels their winding number. Unlike the familiar lowest Landau level wavefunctions in
the Landau gauge, the shapes of our hybrid WSs for the narrow bands depend on the momentum index k.
The 〈x±〉 physically represents the average of the position operator within each 1D unit cell whose dependence on
the conserved momentum k is shown in the Fig. S2 for various stages of renormalization. The two curves display
the winding numbers of ±1 as the momentum k increases from 0 to g2 i.e. the average position of one set of states
slides to the right and the other set of states to the left under the increase of the wavenumber k, similar to Landau
11
gauge Landau level states in opposite magnetic field. The monotonic steepening of these curves under RG marks the
approach of the chiral limit (see also Fig 3 of Ref. 3).
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FIG. S2. The RG evolution of the Wilson loop eigenvalues for the two narrow bands in valley K for the unrenormalized narrow
bands with w0/w1 = 0.83 (blue), renormalized after stage 1 (red), after stage 1 and 9
th step of stage 2 RG (purple), after stage
1 and 14th step of stage 2 RG (green) and after both stage 1 and stage 2 (black). The steepening of the Wilson loop marks
the approach of the chiral limit. The parameters for the RG are the same as the Fig 3 in the main text.
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FIG. S3. (a) The single particle dispersion in the strong coupling limit for w0/w1 = 0.83 and w1/vF kθ = 0.586 after the 1
st
and 2nd stage RG. The BZ cut is shown in the main text Fig 1b. (b) The chemical potential µ0 as the function of the filling
factor ν assuming the single particle excitations are non-interacting.
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